Bilateral Bailey lemma and Rogers–Ramanujan identities  by Chu, Wenchang & Zhang, Wenlong
Advances in Applied Mathematics 42 (2009) 358–391Contents lists available at ScienceDirect
Advances in Applied Mathematics
www.elsevier.com/locate/yaama
Bilateral Bailey lemma and Rogers–Ramanujan identities
Wenchang Chu ∗,1, Wenlong Zhang
Department of Applied Mathematics, Dalian University of Technology, Dalian 116024, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 8 May 2008
Accepted 14 July 2008








We prove a bilateral Bailey lemma and establish twenty-ﬁve
transformation formulae between unilateral and bilateral sum-
mations for nonterminating basic hypergeometric series. Then they
are employed to show numerous identities of Rogers–Ramanujan
type, including most of Slater’s collection of 130 identities.
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For two indeterminate x and q, the shifted factorial of x with base q is deﬁned by
(x;q)0 = 1 and (x;q)n = (1− x)(1− xq) · · ·
(
1− xqn−1) for n ∈ N.





1− qkx) and (x;q)n = (x;q)∞/(qnx;q)∞.
The product and fraction of shifted factorials are abbreviated respectively to
[α,β, . . . , γ ;q]n = (α;q)n(β;q)n · · · (γ ;q)n,
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where the base q will be restricted to |q| < 1 for nonterminating q-series. In addition, we shall ﬁx
δ = 0,1 and ε = ±1 throughout the paper for brevity.
The well-known Bailey lemma [52,53] has been powerful in proving the identities of Rogers–
Ramanujan type. Slater [135,136] exploited this technique extensively and established systematically
130 such identities. The corresponding ﬁnitization process has successfully been realized by Sills [129].
However, when utilizing the classical Bailey lemma to prove Rogers–Ramanujan type identities,
there is a key step to incorporate unilateral series into a bilateral one so that the resulting series can
be factorized through the identities of triple or quintuple products. In order to streamline the process
of converting unilateral sums to bilateral ones, the present paper will directly prove a bilateral Bailey
lemma and establish twenty-ﬁve transformation formulae between unilateral and bilateral summa-
tions for nonterminating basic hypergeometric series. Then they can be employed, through simple
limiting process, to show numerous Rogers–Ramanujan type identities, including most of Slater’s col-
lection of 130 identities. Finally, we shall select 200 examples to tabulate as a source for further
references.
1. Bilateral Bailey lemma and transformation
Bailey’s lemma has been fundamental in the theory of basic hypergeometric series, which may be
































360 W. Chu, W. Zhang / Advances in Applied Mathematics 42 (2009) 358–391A pair of sequences (αn, βn) satisfying (1a) is called Bailey pair. The power of the Bailey lemma lies
in the following fact. A Bailey pair (αn, βn) subject to (1a) yields another Bailey pair (α′n, β ′n). Then




)−→ (α′′n , β ′′n )−→ · · · .
For the comprehensive coverage of Bailey chain, further development and applications to Rogers–
Ramanujan type identities, refer to Bailey [52,53,55], Slater [135,136], Andrews [29,31,36], Stan-
ton [140], Warnaar [147] as well as [9,10,39,44,45,113].
By extending the unilateral Bailey transform to bilateral Bailey transform, Andrews and War-
naar [45] derived several new identities for false theta functions. Guo et al. [98] studied ﬁnite forms
of the Rogers–Ramanujan identities by using the bilateral Bailey lemma. Encouraged by these two
recent works, we shall establish the following general bilateral Bailey lemma.
Lemma 1 (Bilateral Bailey lemma). Let λ be a nonnegative integer. For a bilateral sequence {αk}k∈Z , deﬁne the










Then there holds the following relation















































Observe that for λ = 0,1, the error-term Rλ(n) vanishes. In this case, this lemma uniﬁes the two
terminating series transformations derived recently by Guo et al. [98, Corollaries 2.2, 2.3], which can
essentially be employed to establish a signiﬁcant portion of our transformations from unilateral series
to bilateral ones.






























2 j + λ
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2 j + λ
j − k







Reversing the summation order by putting j = n − i for the ﬁrst sum and then applying the q-Pfaff–
























































Substituting this into the last double sum expression of β ′n and then canceling the superﬂuous factors,
we get the main sum displayed in (3b).
For the second sum displayed in (5), it is not hard to see that it differs from zero only when λ 2












2 j + λ
j − k







Replacing k, j respectively by −k,−i and then simplifying the result, we ﬁnd the error-term displayed
in (4c). 
Now observing the right-hand side members of (3b) and (4b) with α′k being replaced by (4a), we































Letting n → ∞ leads to the transformation from unilateral series to bilateral series.
362 W. Chu, W. Zhang / Advances in Applied Mathematics 42 (2009) 358–391Theorem 2. For two sequences {αk}k∈Z and {βk}k∈N0 subject to the condition displayed in (3a), there holds




































According to this theorem, if there is a bilateral Bailey pair (αn, βn) satisfying (3a), then the corre-
sponding transformation formula displayed in (6a)–(6b) follows immediately. In order to ﬁnd bilateral
Bailey pairs, we shall essentially utilize two fundamental identities of basic hypergeometric series.









where |c/a| < |z| < 1 (7)


















provided that |qa2/bcde| < 1 for convergence. When e = a, Bailey’s bilateral series identity reduces to

















where |qa/bcd| < 1. (9b)
Three special cases are now displayed for subsequent application.















• a → q: Bailey [54] (cf. Chu [78, Eqs. (3.16a) and (3.16b)])






































2. Twenty-ﬁve transformation formulae from unilateral to bilateral series
This section will establish twenty-ﬁve transformation formulae between unilateral and bilateral
series. They are divided into three classes according to the number of extra free parameters. For the
sake of brevity, this section will utilize the following abbreviated notation for well-poised fractions:
Ω
(λ)










where n ∈ Z.
2.1. Transformations with two extra parameters b and d
Deﬁne













and βn = (q/bd;q)n
(q;q)n[q/b,q/d;q]n .
It is not hard to verify, by the bilateral 4ψ4-series identity displayed in (10), that they form a bilateral






































For the two sequences deﬁned by

















it is not diﬃcult to verify, by the bilateral 5ψ5-series identity displayed in (11a)–(11b), that they form
a bilateral Bailey pair (3a) with λ = 1 and R1 = 0. According to Theorem 2, we get the following
transformation:





































For the two sequences given by
αn = (−1)n
(
















we can show, by the terminating case of (12a)–(12b), that they form a bilateral Bailey pair (3a) with





































For the two sequences deﬁned by











it is not hard to check, by the bilateral 6ψ6-series identity displayed in (8a)–(8b), that they form





















































it is not diﬃcult to check, by the bilateral 6ψ6-series identity displayed in (8a)–(8b), that they form










































From this transformation, we can deduce the q-analog of Bailey’s 2F1( 12 )-sum due to Andrews [19,






























































which is equivalent to (13) under the replacements x → b and d → q2/c.
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1− q1+4k = (1− q1+n+2k)− q1+4k(1− qn−2k)








































































2.2. Transformations with an extra parameter c
Deﬁne
αn = (−1)nq(n2)cn and βn = (c;q)n(q/c;q)n+δ
(q;q)2n+δ .
It is not hard to verify, by the bilateral 1ψ1-series identity displayed in (7), that they form a bilateral































This transformation is the only one that we have explicitly located in literature, which uniﬁes two
useful lemmas due to Andrews [26, Lemmas 1 and 2], who investigated their applications to ϑ-
function expansions.








and βn = (−q/c;q)2n
(−q;q) [q2,q2/c2;q2]n 2n n
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For the two sequences deﬁned by













it is not diﬃcult to verify, by the bilateral 5ψ5-series identity displayed in (11a)–(11b), that they form









































For the two sequences deﬁned by














it is not diﬃcult to verify, by the bilateral 6ψ6-series identity displayed in (8a)–(8b), that they form a
bilateral Bailey pair (3a) with q → q3, λ = δ and Rδ = 0, where ω := e2π i/3 is the cubic root of unity.





























































it is not hard to verify, by the bilateral 4ψ4-series identity displayed in (10), that they form a bilateral






















































, n = 2k;
0, n—odd;





we can prove, by the bilateral 5ψ5-series identity displayed in (11a)–(11b), that they form a bilateral










































For the two sequences deﬁned by


















it is not diﬃcult to verify, by the bilateral 5ψ5-series identity displayed in (11a)–(11b), that they form

























































we can show, by the bilateral 6ψ6-series identity displayed in (8a)–(8b), that they form a bilateral




















































and then splitting the very-well-poised factor
1− q1+δ+6k = (1− q1+δ+n+3k)− q1+δ+6k(1− qn−3k)
we ﬁnd the following bilateral Bailey pair (with λ = δ and Rδ = 0):









































































and then splitting the very-well-poised factor
1− q2−δ+6k = (1− q
1+n+3k)(1− q2+n+3k)
1− q1+δ+2n − q
1+δ+2n (1− q1−δ−n+3k)(1− q−δ−n+3k)
1− q1+δ+2n
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For the two sequences deﬁned by
αn =
{





we can show, by the bilateral 6ψ6-series identity displayed in (8a)–(8b), that they form a bilateral





































(3k2 ), n = 3k;
0, otherwise;
βn = 1+ δ0,n − q
2n
1+ δ0,n − q3n
(q3;q3)n
(q;q)2n(q;q)n ;
it is not hard to verify, by the bilateral 4ψ4-series identity displayed in (10), that they form a bilateral




1+ δ0,n − q2n



































For the two sequences deﬁned by
αn =
{
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(1+3k2 ), n = 3k;
0, otherwise;





we can prove, by the bilateral 5ψ5-series identity displayed in (11a)–(11b), that they form a bilateral












































k (1− uq3k)(1− vq3k)
1− uv/q3 q





it is not diﬃcult to verify, by the bilateral 5ψ5-series identity displayed in (11a)–(11b), that they form
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αn =
{
(1− q1+8k)q(4k2 ), n = 4k;
0, otherwise;




it is not diﬃcult to check, by the bilateral 6ψ6-series identity displayed in (8a)–(8b), that they form










































and then splitting the very-well-poised factor
1− q1+8k = (1− q1+n+4k)− q1+8k(1− qn−4k)






2 ), n = 4k;
−q1+8k+(4k2 ), n = 4k + 1;
0, otherwise;
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αn =
{





we can prove, by the bilateral 6ψ6-series identity displayed in (8a)–(8b), that they form a bilateral






































and then splitting the very-well-poised factor
1− q2+δ+8k = (1− q2+δ+n+4k)− q2+δ+8k(1− qn−4k)






2 ), n = 4k;



























4k [x, y] − q2+δ+8kΩ(2+δ)1+4k [x, y]
}
q2(4k+δ)k.
W. Chu, W. Zhang / Advances in Applied Mathematics 42 (2009) 358–391 375For the bilateral transformation formulae proved in this section, some of them can naturally be de-
rived from the known unilateral series transformations. The detailed information is summarized as
follows:
[T1], [T2] and [T3]: from Watson’s transformation [148, 1929] (cf. [92, III-17]).
[T8] and [T9]: from Bailey [53, Eq. (6.1)] and Verma, Jain [143, Eq. (1.3)].
[T11] and [T13]: from Bailey [53, Eq. (6.3)] and Verma, Jain [143, Eq. (1.4)].
[T12] and [T20]: from Verma, Jain [143, Eqs. (1.7) and (1.8)], respectively.
[T18] and [T21]: from Bailey [53, Eq. (6.4)] and Verma, Jain [143, Eq. (1.6)].
In addition, observe that there are some extra parameters u, v or w appearing in several transforma-
tions. The advantage to have these variables lies in the freedom to choose them in order to evaluate
bilateral sums directly through the identities of triple or quintuple products. This will be exempliﬁed
in the derivation of identity “No. 16” on p. 376.
3. Identities of Rogers–Ramanujan type
There are numerous identities of Rogers–Ramanujan type (product-sum identities) scattered in
mathematical literature, which have been investigated through various methods. The following twelve
typical approaches together with the main contributors to the topics are displayed, which may be
useful to readers.
• Classical analytic method: Rogers [119,120], Jackson [102], Selberg [128], Alder [11], Andrews [20,
22,26,31], Bressoud [65,67].
• Bailey lemma: Bailey [52,53,55], Slater [136,137], Andrews [9,29,39,44], Lovejoy [109], Paule [117],
Sills et al. [113,132], Stanton [140], Warnaar [147].
• Partition theory: MacMahon [110], Schur [126,127], Dyson [87], Göllnitz [96], Gordon [97], Garsia,
Milne [91], Agarwal [2–5], Andrews [23–25,28,37] and Bressoud [66]. See [63,84,115] for more
recent works.
• q-Lagrange inversion: Gessel, Stanton [94,95], Stanton [138], Chu [75].
• Lattice path counting: Agarwal [6–8], Bressoud [10,71], Chu [76].
• q-difference equations: Alladi [12,13], Andrews [17], Chu, Wang [82].
• Special functions and orthogonal polynomials: Askey [46,47], Bressoud [69], Garrett, Ismail, Stan-
ton [90,101], Liu [108], Stanton [139].
• Algebraic method: Lepowsky, Milne [106] and Lepowsky, Wilson [107] via Weyl’s denominator for-
mula as well as Stembridge [141] through Hall–Littlewood functions.
• Statistical mechanics: Baxter [56–58], Andrews [27], Forrester, Baxter [89], Schilling, Warnaar [125],
Berkovich, McCoy, Schilling [59].
• Computer algebra (W–Z method): Petkovšek, Wilf, Zeilberger [116,150], Paule [118], Santos [121],
Sills [130].
• Finitization process: Bressoud [68], Foda, Quano [88], Santos, Mondek, Sills [121–124], War-
naar [144], Sills [129], Bowman, McLaughlin, Sills [64].
• Multiple Rogers–Ramanujan identities: Agarwal, Bressoud [10], Andrews [29], Bressoud [65,71],
Stembridge [141], Bressoud, Ismail, Stanton [72], Warnaar [146], Chu [79].
Specializing the transformations displayed in the last section so that the bilateral series on the right-
hand side can be factorized into inﬁnite products, we shall derive numerous identities of the Rogers–
Ramanujan type. The factorization process requires the following three theta function identities.
The ﬁrst one is the Jacobi triple product identity [103] (see [77] and [92, §1.6] also)
+∞∑
n=−∞
(−1)nq(n2)xn = [q, x,q/x;q]∞. (15)
The second one is a variant of Jacobi’s triple product identity in view of the parity of summation
index, which can be found in Bailey [55, Eq. (4.1)]:
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1− (q/y)1+4n}q4n2 y2n. (16c)























For the derivation of identities of the Rogers–Ramanujan type is entirely routine, there is no necessity
to produce the tedious computation details. We conﬁne ourselves only to show the following two
identities as exempliﬁcation.
One example is the identity with “No. 16.” For transformation [T2], letting b = −q, d, x = ±√q and















Specifying further the two free parameters u, v = ±√q and then factorizing through (15) the corre-









which becomes identity “No. 16,” under the base change q → q2.
Another example is the identity with “No. 197.” For δ = 0 in transformation [T14], letting c = √q









(−1)k{1+ q3k+1/2}q27(k2)+ 332 k.
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Now we are going to display 200 selected Rogers–Ramanujan identities. In order to save the writ-
ing space, the identities are tabulated in the form A =∑∞n=0 B(n) according to the increasing powers
of qn with qn being the base of shifted factorials in inﬁnite product expressions. The summands under
B(n) marked with “” are imposed with the initial condition B(0) = 1 (see “No. 71” and “No. 140”
for example). The proofs of identities are commented in “Notes” where “[Tn]” stands for the transfor-
mation labeled with Arabic number “n” and the related papers are provided under “References.” In
particular, it should be pointed out that due to the space limitation, we have conﬁned ourselves to
choose only up to ﬁve references for each identity even though there may exist more references for
some very interesting identities. For example, the celebrated Rogers–Ramanujan identities “No. 20”
and “No. 21” can be found at least in the following articles [32,46,70,80,133,145,148] and books [23,
§7.1], [31, §1.6], [38, p. 565], [49, §8.6], [61, p. 77], [62, p. 78], [81, §D3.2], [100, §19.13], [137, §3.5].
Table 1 will cover most of the 130 identities appeared in Slater’s list [136]. However, we did not
attempt to rederive all the formulae there even though there is no technical diﬃculty to do so. One
reason is that in Slater’s list, several identities are very particular instances of some well-known
summation formulae. For example, eleven special cases of the q-Gauss theorem are collected there,
which are numbered with “5, 9, 10, 11, 47, 51, 52, 64, 84, 85, 121.” Another reason is that there are
certain repetitions in Slater’s list, for example, “Eq. (5) = Eq. (9) = Eq. (84)” and “Eq. (55) = Eq. (57).”
Finally, there are already the annotated versions of Slater’s list due to Sills [129] and McLaughlin, Sills,
Zimmer [113], which provide also updated crossing references.
4. Further observations and comments
In Table 1, we have made efforts in order neither to repeat same identities, nor to reproduce special
cases of known summation formulae. Few exceptions are made, for example, these identities “No. 23
= No. 180” and “No. 60 = No. 167” where the equivalent products are not so obvious, as well as
“No. 104” and “No. 168,” respectively, for ﬁlling the gaps of triple products modulo 12 and quintuple
products moduli “8+ 16,” even though both are particular instances of the q-Gauss theorem.
Several identities displayed in this table are remarkable, which can be commented brieﬂy as fol-
lows. First, among the identities modulo “8” in triple products (from “No. 54” to “No. 80”), there
are eleven new ones plus eight that will appear in the forthcoming second volume of “Ramanujan’s
Lost Notebook” [41]. Until very recently, the three classes of identities in quintuple products have
been missing in the q-series literature, which are of moduli “6 + 12” (from “No. 156” to “No. 163”),
“9 + 18” (from “No. 170” to “No. 173”) and “12 + 24” (from “No. 181” to “No. 191”). McLaughlin
and Sills [111] have independently discovered most of these identities involving quintuple products
mainly by combining the known identities in triple products. However, our derivation through bilat-
eral q-series transformations is more natural and systematic in the sense that further complementary
identities are uncovered as the reader can observe those labeled with “Nos. 156–157”, “Nos. 159–160”,
“Nos. 162–163”, “No. 181” and “No. 185,” which aﬃrms that “No. 158” and “No. 161” are not isolated
















[41, Entry 4.2.8], [117], [136, Eq. (6)]
[41, Entry 4.2.12], [49,117]
[101,139]
[136, Eq. (27)]
[26], [41, Entry 5.3.3]
[33,51,85,93,104], [136, Eq. (8)]
∞ [51,85,141]
y = q [51,82,85]
y = −q2 [51,82,85,141]
y → ∞ [136, Eq. (66)]
y → ∞ [136, Eq. (67)]
q3/2, y → ∞
/2, y → ∞ [19, Eq. (1.9)]: b = −q1/2, c = q1/2
q1/2, y → ∞
/2, y → ∞ [19, Eq. (1.9)]: b = −q1/2, c = q3/2
q, y → ∞ [136, Eq. (65)]
= q1/2 [140]
= q1/2
[56,107,119], [49, §8.6], [136, Eq. (14)]Table 1















(q;q)n(q;q2)n+1 [T2]: b = −d = q



















































(q;q2)n+1(q4;q4)n [T5]: b = q










(q;q2)n+1(−q−1;q2)n(q4;q4)n [T5]: b = q





(q;q2)n+1(q4;q4)n [T2]: b = −q, d = q





(−q;q2)n(q;q)2n+1 [T5]: b = q












































[56,107,119], [49, §8.6], [136, Eq. (18)]
∞ [52,102,117,120], [136, Eq. (15)]
[52,94,108,117]
[52,102,117,119], [136, Eq. (19)]
[114, Eq. (2.7)]
q1/2, y → ∞ [12,13,37,119], [136, Eq. (16)]
1/2, y → ∞ [64]
[12,37,53,94], [136, Eq. (20)]
[64], [136, Eq. (21)]
q1/2, y → ∞
[12,94], [136, Eq. (17)]
q, y → ∞ [12], [113, Eq. (2.5.14)]
[26,64,101,117,133]
∞ [35,101,117,133], [136, Eq. (27)]
∞
q1/2 [136, Eqs. (24), (30)], [139]
[114, Eq. (2.8)]
∞ [41, Entry 4.2.9], [136, Eq. (26)]
q1/2 [40, Entry 11.3.4], [101,139,141]
[136, Eq. (22)]
(continued on next page)Table 1 (continued)




























































(−q;q)2n+1(q2;q2)n [T9]: c → ∞, x = −q





(−q;q)2n(q2;q2)n [T5]: b = −q











(q;q2)n+1(q4;q4)n [T2]: b = −q, d = q











































−q, y → ∞ [41, Entry 3.4.4]
, y → ∞ [41, Entry 4.2.7], [82], [136, Eq. (25)]
, y → ∞ [15,140], [41, Entry 4.2.11]
−q, y → ∞ [26], [41, Entry 5.3.2], [136, Eq. (29)]
−1, y → ∞ [64]
−q2, y → ∞ [41, Entry 4.2.13], [136, Eq. (28)]
, y → ∞ [53]
q3, y → ∞
−q, y → ∞
q, y → ∞
[87,99,119,128], [136, Eq. (33)]
, y → ∞ [87,99,119,128], [136, Eq. (32)]
[87,99,120,128], [136, Eq. (31)]
[41, Entry 1.7.7]
y → ∞ [41, Entry 1.7.9]
q, y = −q3/2 [41, Entry 6.5.2], [73,82]
q, y = −q1/2 [41, Entry 6.5.2], [73,82]
→ ∞ [12,69,81,117], [136, Eq. (38))]
→ ∞ [55,82,94,132], [136, Eq. (39)]Table 1 (continued)














































































2n(n+1) [T9]: c → ∞, x, y → ∞
54 [q8,−q,−q7;q8]∞ (−1)n(q;q)n(1−q2n+1) q
2n+(n2) [T13]: c = q2, x = q, y →
55 [q8,−q3,−q5;q8]∞ (−1)n(q;q)n(1−q2n+1) q(
n+1
2 ) [T12]: w = 0, c = q2, x =
56 [q8,−q3,−q5;q8]∞ (−1)n(1−qn−1)(q;q)n(1−q2n−1) q(
n+1






















































[41, Entry 1.7.6], [136, Eqs. (35), (106)]
[41, Entry 1.7.5], [129, Eq. (105a)]
[41, Entry 1.7.8], [136, Eqs. (37), (105)]
[41, Entry 1.7.4], [113, Eq. (2.8.8)]
[12,14,48,141], [136, Eq. (34)]
[14,16,18,144], [136, Eq. (36)]
∞ [94,138,140]
[64]
= −q, y → ∞ [64]
[94], [113, Eq. (2.8.13)]
(continued on next page)Table 1 (continued)














































































(−q4;q4)n(q4;q4)2n [T7]: δ = 0, c = −q





(q4;q4)n(q4;q4)2n [T7]: δ = 0, c = q





(q2;q2)2n+1(−q4;q4)n [T4]: δ = 1, b = q





(−q2;q2)2n+1(q4;q4)n [T9]: c = −q





(q4;q4)n(q4;q8)n+1 [T7]: δ = 1, c = q






















[17,22,52,117], [136, Eq. (40)]
∞ [17,22,52,117], [136, Eq. (41)]
∞
[17,52,86,117], [136, Eq. (42)]
= q1/2
q1/2
/2, y → ∞
, y → ∞ [136, Eq. (113)]
q, y → ∞ [111, Eq. (1.23)]
[10,94,119], [31, Eq. (1.4)], [136, Eq. (44)]
[31, Eq. (1.3)], [42,43,94], [136, Eq. (46)]
[10,30]
[136, Eq. (43)]
y → ∞ [136, Eq. (45)]
[64,131]
[41, Entry 5.3.2], [132, Eq. (5.4)]
[82], [136, Eq. (56)]Table 1 (continued)






















































(q;q)2n−1(q4;q4)n [T15]: δ = 0, c = q




















































































y → ∞ [136, Eq. (50)]
[41, Entry 4.2.13]
→ ∞ [136, Eqs. (11), (51), (64)]
[136, Eq. (54)]
[82], [136, Eq. (58)]
∞ [82,117], [136, Eqs. (55), (57)]
∞
[82,117], [136, Eq. (53)]
−q3/2 [40, Entry 11.3.3], [101]
∞, x = −q, y = −q2 [41, Entry 3.4.5]
−q1/2 [101]
q1/2, y → ∞
q1/2, y → ∞
−y = q1/2 [101]
−q1/2, y → ∞ [41, Entry 5.3.5]: a = q2/3
q3/2, y → ∞ [41, Entry 5.3.5]: a = −q2/3
/2, y → ∞ [53,140]
−q1/2, y → ∞ [41, Entry 5.3.5]: a = q1/3
q3, y → ∞
(continued on next page)Table 1 (continued)







































































(q;q2)n+1(q4;q4)n [T5]: b → 0, d = q

























































[10,52,119], [136, Eq. (61)]
, y → ∞ [3,10,120], [136, Eq. (60)]
[3,52,120], [136, Eq. (59)]
q3/2
y → ∞ [82], [136, Eq. (69)]
2, y → ∞ [136, Eq. (68)]
3/2, x = −q1/2, y → ∞ [136, Eq. (70)]
2, x = −q1/2, y → ∞
2, y → ∞ [136, Eq. (71)]
y → ∞ [82], [136, Eq. (72)]
, y → ∞ [132, Eq. (5.5)]
5/2, x = −q1/2, y → ∞
, y → ∞
, y → ∞ [41, Entry 5.3.1]: a = −q2/3
3/2 [53,82]
[52], [136, Eq. (76)]
= −q, y = −q1/2
[52], [136, Eq. (77)]
/2 [53,82]Table 1 (continued)






































(q;q)2n+1(−q2;q2)n [T5]: b = q





(q;q)2n+1(−q2;q2)n [T5]: b = q












































(q;q)2n+2(q2;q2)n [T21]: x = −q















(n+12 ) [T19]: x = −q, y → ∞
140 (−q;q)∞
(q;q)∞ [q18,q9,q9;q18]∞  2
(q6;q6)n−1qn































[52,60], [136, Eq. (78)]
[1,34,55], [31, Eq. (1.7)], [136, Eq. (79)]
[8,55,94,108], [31, Eq. (1.8)]
x = −q, y → ∞ [114, Eq. (2.7)]
[52,64,86], [136, Eq. (90)], [137, §7.3]
[52,64], [136, Eq. (91)], [137, §7.3]
[52,53,64], [136, Eq. (92)], [137, §7.3]
[52,64], [136, Eq. (93)], [137, §7.3]
[52], [136, Eq. (116)], [137, §7.3]
[52], [136, Eq. (115)], [137, §7.3]
y → ∞ [136, Eq. (110)]
[52], [136, Eq. (114)], [137, §7.3]
∞ [82,95]
∞ [82], [136, Eq. (62)]
∞ [82,95], [136, Eq. (63)]
−q1/2
−q3/2
∞ [111, Eq. (1.22)]
= −q3/2
= −q1/2
(continued on next page)Table 1 (continued)





















(q;q2)n+1(q4;q4)n [T4]: δ = 1, b = q































































(−1;q2)n(q;q)2n [T14]: δ = 0, c = −q




(−q−2;q2)n(q;q)2n+1 [T14]: δ = 1, c = −q









(−q;q2)n(q;q)2n+1 [T14]: δ = 1, c = −q




(−q−3;q2)n(q;q)2n [T14]: δ = 0, c = −q
















q2, x = −q, y → ∞ [111, Eq. (1.24)]
q4, x = −q, y → ∞
7/2, x = −y = q1/2
, x = −q, y → ∞ [3,55,120], [136, Eq. (81)]
, x = −q, y → ∞ [3,120], [136, Eq. (80)]
, x = −q, y → ∞ [3,120], [136, Eq. (82)]
, x, y → ∞ [13,64,102,105], [136, Eq. (83)]
, x, y → ∞ [4,7,102], [136, Eq. (84)]
, x, y → ∞ [4,13,134,142], [136, Eq. (86)]
q2, x, y → ∞ [111, Eq. (1.3)]
q2, x, y → ∞ [111, Eq. (1.4)]
q2, x, y → ∞ [64], [111, Eq. (1.5)]
q, x, y → ∞ [111, Eq. (1.6)]
, x, y → ∞ [8,21,82,119], [136, Eq. (99)]
, x, y → ∞ [4,13,37,82], [136, Eq. (98)]
, x, y → ∞ [2,21,82,119], [136, Eq. (94)]
, x, y → ∞ [2,37,82,119], [136, Eq. (96)]
, x = −q1/2, y → ∞ [55,82,94,95], [136, Eq. (100)]
, x = −q1/2, y → ∞ [82], [136, Eq. (95)]
, x = −q3/2, y → ∞ [82,94,95], [136, Eq. (97)]Table 1 (continued)















































































































































= −q1/2, y → ∞ [111, Eq. (1.12)]
, x = −q3/2, y → ∞ [41, Entry 5.3.8], [111, Eq. (1.11)]
= −q1/2, y → ∞ [41, Entry 5.3.9], [129, Eq. (109a)]
, x = −q1/2, y → ∞
= −q1/2, y → ∞ [111, Eq. (1.13)]
, x = −q3/2, y → ∞ [111, Eq. (1.14)]
= −q3/2, y → ∞ [111, Eq. (1.15)]
, x = −q, y → ∞ [111, Eq. (1.21)]
, x = −q, y → ∞ [111, Eq. (1.23)], [136, Eq. (107)]
, x = −q, y → ∞ [111, Eq. (1.25)]
= −q1/2, y → ∞ [136, Eq. (118)]
= −q1/2, y → ∞ [136, Eq. (117)]
= −q3/2, y → ∞ [136, Eq. (119)]
[136, Eq. (121)]
[136, Eq. (123)]
, y → ∞ [112, Eq. (4.17)]
, y → ∞ [41, Entry 5.3.4]
, y → ∞ [136, Eq. (124)]
, y → ∞ [136, Eq. (125)]Table 1 (continued)






















































































































(q;q2)n(q2;q2)2n+1 [T14]: δ = 1, c = q
5/2, x
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